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I. Introduction

Every exercise in the first three chapters of Hartshorne, no excuses (“every” means every single one). I'm
also trying to do this with zero assistance, as it is summer break, and I have time to ponder things.
Current tally

e Chapter 1: 16/90

e Chapter 2: 1/134

e Chapter 3: 0/88

II. Chapter 1
A. Section 1.1

Solution II.1 (Problem 1.1.1). There are a few parts:

1. Of course, A(Y) = klx,y]/(y — 2%). We can define ¢ : k[z,y] — k[z] as p(p)(x) = p(x,2?). Verification
that this is a ring homomorphism is trivial. It is obviously surjective, as k[z] C k[z,y], and @i, = id.
In addition, p(y — 2?) = 0. Moreover, if p(p) = 0, then p(x,2%) = 0. Define h(x,y) = p(x,y + 2?) €
klz,y] = k[x][y]. Of course, we may write h(z,y) = ho(z) + hi(z)y + ha(z)y*> + -+ -, by definition,
and p(z,2?) = h(x,0) = ho(x), so h(x,y) = yg(x,y) for some g. Thus, p(z,y) = (y — 22)g(z,y — 22),
which means p € (y — 2?). It follows that Ker(p) = (y — 2?), so by the first isomorphism theorem,
K[z, y]/(y — 2%) ~ Im(p) = k[z], so A(Y) ~ k[z], as desired.
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2. Suppose ¢ : k[z,y]/(xy — 1) — k[z] is a ring homomorphism. Since [z][y] = [zy] = [1] in the domain,
o([=z)e([y]) = o([z][y]) = ¢([1]) = 1. Thus, p([z]) = a € k and ¢([y]) = a=* € k. Given some b € k,
with b # 0, note that we must also have o([b])¢([b~1]) = 1, so ¢([b]) is a unit in k[z], thus in k. It
follows that Im(y) = k, which means that ¢ cannot be an isomorphism.

3. (Starred) The idea is to make use of a sequence of automorphisms of k[z,y], which descend to auto-
morphisms of the quotient. In particular, a general quadratic polynomial is of the form

p(z,y) =az® +by* +cay+dr+ey+ f (1)

Since we are working over an algebraically closed field, we are allowed to take square roots. For this
to be a quadratic, at least one of a,b or ¢ must be non-zero. Assume c is non-zero, and assume that
4ab = c%. Tt then follows that either a or b is non-zero (we can assume WLOG it is a), so the map
(z,y) — (vaz + by, y) is an isomorphism. Note that we can write

ax® + by’ 4+ cey +de +ey+ f = (Vaz +Vby)? +de+ey+ f (2)

so it follows that we may reduce to the case that our quadratic is of the form z2 + dx + ey + f. From
here, note that e # 0, or else our polynomial in z would be reducible. In addition, we can re-write
2% + dx + f in the form —(ix — d')? + f’, so that

2 +drtey+f=(ey+f)— (iz—d)? (3)

and note that (z,y) — (iz —d’,ey + f’) is an isomorphism, so we have reduced to the case where our

quadratic is y — 2.

Next, consider the case where 4ab # c?, still with ¢ non-zero and also with a # 0 or b # 0. The idea
is that we can transform ax? + by? + cxy to xy. In particular, assume WLOG that a # 0, so we can
factor out a unit and assume the degree-2 part of our quadratic is of the form

@® +by? + cay = (z — ryy)(z —r_y) (4)
with 4b # ¢2, where

2 _

ry = c* ; 4b (5)
Note that ry # r_, as their difference is v/¢2 — 4b, which is non-zero. Thus, at least one of them is
non-zero, so that (z,y) — (¢ — riy,x — r_y) is an isomorphism. It follows that we can reduce our
quadratic to the form zy + dz + ey + f. This is also the form of the quadratic, after factoring out ¢, if
we didn’t first assume that either a or b is non-zero. Of course, xy +dx +ey+ f = (x+e€)(y +d) + f,
so we can reduce to the case xy + f. If f = 0, our quadratic is reducible, which is a contradiction, so
f # 0. Factoring out a unit reduces to the case xy — 1.

The final case that we must check is when ¢ = 0. Again, either a or b must be non-zero, or we don’t
have a quadratic. If one of these is zero, then our quadratic can be assumed of the form z2+dx+ey+ f:
the same as in the first case worked out, so this will reduce to the case of y — z2. If both are non-zero,
then we have

az® +by? = (Vaz — ivboy)(Vaz + ivVby) (6)

with (z,y) — (vVaz—ivby, /ax+iv/by) being an isomorphism, reducing us to the case of zy+dz+ey+ f:
another case which we already worked out.

Thus, to summarize, given some irreducible quadratic, we can always find a sequence of ring au-
tomorphisms of k[r,y] and multiplication by units which takes the quadratic to either y — 2% or

2y — 1. Given a ring automorphism ¢ : k[z,y] — k[z,y], this will descend to a ring automorphism



¢« klz,yl/(f) = Klz,yl/(e(f)) where $(g + (f)) = ¢(g9) + (#(f)). In addition, if ¢ is a unit, (f)
and (cf) are the same ideal. It follows that via our sequence of transformations, we can exhibit an

isomorphism which takes k[z,y]/(f) to k[z,y]/(y — 2?) or k[x,y]/(zy — 1), with the individual criteria
for each case explained in the course of the solution above.

Solution II.2 (Problem 1.1.2). Clearly, Y = V(y — 22,z — 23). We want to show that (y — 2%,z — 23) is
prime. To do so, define the map ¢ : k[x,y,2] — k[z] which takes p(z,y, z) to p(z,2%,2). Tt is clear that
this is a surjective ring homomorphism and (y — 22,z — 23) C Ker(y). Moreover, suppose ¢(p) = 0. Define

h(z,y, z) = p(z,y + 22, 2z + 23). Of course, h(z,0,0) = 0, so we can write

Wz, y, 2) = ygi (. y, 2) + 2g2(2,y, 2) (7)
as each term is divisible by z or y. We then have

2

p(maya Z) = h(l’,y — T,z = xS) = (y - $2)gl($7y - xza Z = xS) + (Z - y?’)gg(x,y - f£2, Z = x?») (8)

which means that p € (y — 22,z — 2®). Thus, k[z] ~ k[x,y,2]/(y — 2%, 2 — 23) so (y — 22,z — 2®) is prime,

so Y is an affine variety and is 1-dimensional as dim(k[z]) = 1. We have I(Y) = (y — 22,z — 2%), so we

automatically have a pair of generators (this ideal clearly cannot be generated by one of these generators).

Solution IL.3 (Problem 1.1.3). We have

V(z? —yz,xz —x) =V(2? —y2) N [V(2) UV (2 — 1)] (9)
=V(? —yz,x) UV (2? —yz, 2z — 1) (10)
=V(yz,2) UV (2® —y,z — 1) (11)
= (V) UVEINV(@)UV(e? -yz-1) (12)
=V(y,z)UV(z,2) UV (y — 2% 2z —1) (13)

Showing that each of the ideals (y,z), (2,z) and (y — 22, 2 — 1) can be done easily via the same method as
Problem 1.1.2. Thus, Y is the union of three irreducible components. It is easy to see that they each are
1-dimensional (as their coordinate rings are isomorphic to polynomials in a single variable).

Solution II.4 (Problem 1.1.4). Every open set in the product topology for A! x Al can be written as the
union of a collection of U x V, with U,V C A! open. Of course, U and V will be A' with some finite
collection of points removed (when they are non-empty). Thus, U x V is A% with some finite collection of
vertical /horizontal lines removed. All of these sets are open in the Zariski topology for A2, However, the
Zariski topology is strictly finer than the product topology.

In particular, consider the open set Y = V(x — )¢ in the Zariski topology. Given some point p in Y, if
Y is open in the product topology we must be able to choose some U x V which is a neighbourhood of p
and contained in Y. However, any complement of a finite collection of horizontal/vertical lines will clearly
contain some point on the diagonal V' (z — y).

Solution II.5 (Problem 1.1.5). First, note that the coordinate ring of some algebraic set V' is of the form
A(V) = k[xy,...,x,]/1(V), where I(V) is a radical ideal. It follows immediately that if [p]” = [p"] = 0 in
A(V), then p™ € I(V), so p € I(V) and [p] = 0. This means A(V) has no nilpotent elements. Moreover, it is

immediately clear that A(V) is a finitely-generated k-algebra, generated by [z1], ..., [Tn].
Conversely, suppose B is a finitely-generated k-algebra with no nilpotent elements. Let b1,...,b, be a
generating set for B, then the evaluation map ¢ : k[z1,...,2,] — B sending p to p(by,...,by) is surjective.

It follows that B ~ k[z1,...,2,]/Ker(¢). Denote the ideal Ker(y) by I. Since B has no nilpotent elements,
it follows that if p" € I so that p(by,...,b,)" =0, then p(by,...,b,) =0, s0 p € I. Thus, I is a radical ideal
and I[(V(I)) = I. It follows that B ~ A(V(I)).

Solution I1.6 (Problem 1.1.6). If X is a topological space with non-empty open set U and U is proper, then
X =UU(X —U), so X is reducible. Thus, if X is irreducible, every non-empty open set is dense. For the
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second part, suppose C; and Cy are closed in Y with C; UCy =Y. Then since Y is closed in X, C; and Cy
are as well. Thus, C1NY and CoNY is closed in Y. Since Y is irreducible and the union of these closed sets
isY,either Y CCrorY C Cy. Thus, Y C Cyor Y C Cy, so Y is irreducible.

Solution IL.7 (Problem 1.1.7). This is a long problem:

1. Given some non-empty family F of closed sets, suppose there is no minimal element. Let C; € F, we
can choose Cy € F which is a proper subset of C;. We continue on inductively, choosing C;4; € F a
proper subset of C;. At follows that we have a descending chain in X which does not terminate, so
X is not Noetherian. On the other hand, given a descending chain C; D Cy D ---, there must be a
minimal element (as such a chain is a family), hence some C,, such that if C; C C,,, then C,, = C}, so
the chain terminates after a finite number of steps. The open set conditions can easily be seen to be
equivalent to the conditions above by taking complements.

2. Let {U, }o be an open cover for X. Suppose there is no finite subcover. Pick U; in the cover arbitrarily.
Then pick some 2o € UL and pick a neighbourhood of x5 in the cover, label it Us. We proceed
inductively, choosing z,,4+1 € (U; U---UU,)%, letting U, 11 € {U,} being a neighbourhood of x, ;.
Then the ascending chain of open set V,, = Uy U --- U U, never terminates, as V11 contains x,1
while V,, does not. Thus, X is not Noetherian. It follows that if X is Noetherian, then it must be
quasi-compact.

3. Any descending chain C; D Cy D --- of closed sets of ¥ C X implies that C; = K; NY with K; a
closed set. We then define K] = K1 N---N K, which gives a descending chain K1 D K5 D --- of X.

This chain eventually terminates, so K|, = K, ,; = ---. Note that
KnNY=(FENnY)n---n(K;NY)=Cn---NC; =Cj (14)
which implies that C,, = C,,41 = -+, so Y is Noetherian.

4. Recall that any quasi-compact subset of a quasi-compact Hausdorff space is closed. If X is Noetherian,
then every subset is Noetherian, thus quasi-compact, thus closed. Every subset being closed implies
that X has the discrete topology. Quasi-compactness of the whole space then implies that it is a finite
set of points (if we had an infinite number of points, with each single-point set open, we could not have
a finite subcover).

Solution I1.8 (Problem 1.1.8). Before jumping into this solution, we must remark on something: when we
decompose an affine algebraic set into its irreducible components, Y = Y; U ---UY,,, each Y} is maximal
in the sense that it is not contained in any strictly larger irreducible algebraic subset Y’ C Y. Clearly,
Y = Uj(Y’ NYj;), so if Y’ is irreducible, Y’ NY; = Y for at least one of the j. It can’t be j = 2,...,m as
we would then have Y7 C Y’ C Y. Thus, Y’ = Y;. This means that when given some affine algebraic set
V' with irreducible decomposition V' = V(p1) U--- U V(p,,) with each p; a prime ideal, then each of these
primes is minimal in the sense that they contain no smaller prime which contains I(V).

We write Y = V/(I), where [ is prime, and H = V(f), where f is some irreducible polynomial, as well as
YNH=V({,f)=V(J) where J = Rad({, f). Let V(p;) be one of the irreducible components of V(.J), so
p; O (I, f). We note that

dimV(p;) = dimk[z1,...,z,])/p; = dim(k[z1, ..., 2,]/1)/(p; /1)
= dim(k[z1,...,2,)/I) — height(p,/I)
= dim V() — height(p;/I)
= r — height(p; /1)
where p; /I is a prime ideal of k[z1,...,z,]/I. Suppose q were another prime ideal such that q C p;/I, then

I C 7=1(q) C p;, so by minimality of p;, ¢ = p,/I. In addition, f+ I € p;/I. We can’t have f € I, as then
V(f) D V(I), which we assumed is not the case. Clearly f + I is not a zero-divisor as k[z1,...,z,]/I is an



integral domain, as I is prime. Moreover, if fg =1+ 1,s0 fg+i¢ =1 for some ¢ € [ and g € k[z1,...,z,),
then (f,I) = (1), so V(J) = 0. Thus, we actually require the addition assumption that Y and H intersect
at alll

With this new assumption, we can apply Krull’s Haupidealsatz to see that height(p;/I) = 1, so that
dimV(p;) =r —1 for all j.

Solution I1.9 (Problem 1.1.9). We can do this problem inductively, assuming a is proper. Obviously if a
is generated by a single, non-zero element f which isn’t a unit, since k[z1,...,z,] is a UFD, we can factor
f=f1--- fm where each f; is irreducible, so V(f) = V(f1) U--- UV (fmm). We then know from Proposition
1.13 that each V(f;) is a variety (thus irreducible) of dimension n — 1, so it follows that every irreducible
component of V(f) has dimension n — 1. If a = (0), then V(a) = A™(k), which is dimension n, so we have
proved the base case.

From here, suppose a = (a1, ...,a,). We then have
V(e) =V(ar,...,a) = V(a,...,ar) N V(ar) = [ JV(pj) N V(ar) (19)
J
where V(p;) are the irreducible components of V(ai,...,a,—1), each of which have dimension greater than

or equal to n —r + 1. If V(p;) C V(a,), then V(p;) N V(a,) = V(p;). If V(p,) is not a subset of V(a,),
then a, cannot be 0. We have assumed a is proper, so a, is also not a unit, and we can decompose it into
a union of V(f;), where each V(f;) is a hypersurface of dimension n — 1. Then, from Problem 1.1.8 above,
every irreducible component of V(p;) NV (f;) has dimension greater than or equl to n — r. All together, we
can write V(a) as a union of irreducible algebraic sets, all of dimension greater than or equal to n — r. This
completes the proof.

Solution I1.10 (Problem 1.1.10). This problem has multiple parts:

1. Of course, any chain Zy C --- C Z, of distinct, closed, irreducible subsets of Y is a chain of distinct,
closed, irreducible subsets of X, so dim(Y) < dim(X).

2. From the first part, dimU; < dim X for all 4, so sup; dimU; < dim X. Conversely, let Zy C --- C Z,
be a chain of distinct, closed, irreducible subsets of X. For each Z;_; C Zj, there must exist some U;,
such that Z; 1 NU;; is a proper subset of Z; NU;;. Thus, if we let U = U;, U---UU;,, then

3.
4.

Solution II.11 (Problem 1.1.11). Our first claim is that Y = V(2* —y3, 2° — 23, y® — 2*). It is very clear that
Y C V(x* —y3, 25— 23,9y° — 2%). To show the reverse inclusion, pick some (x,%,z) € V. We can take roots, so
pick some ¢ so that t3 = z, so y> = t'2 and 23 = ¢'°. As polynomials in y and z, each has exactly three roots
(as, again, we are working in an algebraically closed field). We denote cubic roots of unity as j = 1,7, 52,
so that we must have y = jot* € {t*,jt?, j%t*} and z = jPt° € {t°, jt°, j?t°}. From here, we must also have
y? = 2%, s0 j°*74 = 1. It follows that 5a — 43 must be a multiple of 3, for a, 8 € {0,1,2}. It is easy to
verify that the only choice is (a, 3) = (0,0), so y = t* and z = t°, which means that (z,y, z) = (£3,t4,1%).
TODO: Finish this

Solution IT.12 (Problem 1.1.12). Consider
(2?4 — D)@ —iy? — 1) =at + 9 — 222 +1 (20)

in R[x,y], which vanishes only at points (£1,0) € A%(R). Each of these single points is itself a closed proper
subset of the vanishing set of p(z,y) = 2* + y* — 222 + 1, so the vanishing set is not irreducible. To see
that this polynomial is irreducible in R[xz,y|, suppose that it was reducible. Since any facotirzation of p in
Rz, y] would be a factorization in C[z,y|, and Clz, y] is a UFD, it follows that one of the factors in Eq. (20)



must be reducible. Each factor must be degree-1, so it follows that if a factor is reducible, it will vanish
precisely on the union of two straight lines. However, note that 22 4 iy? — 1 vanishes on the embedded circle
(cos(8), (Fi)*/?sin(h)), where given any two lines, we can always find a point on the circle not contained in
these lines.

Thus, the decomposition in Eq. (20) is into irreducible factors, so p is irreducible in R[z, y].

B. Section 1.2

Even after taking a course in algebraic curves, my relative comfort-level when working with projective and
quasi-projective varieties is significantly lower than when working with their affine counterparts. Hopefully
I’ll fix this deficiency in the process of doing these problems.

Solution I1.13 (Problem 1.2.1). Let m : A"*1(k) — (0,...,0) — P"(k) be the quotient map. Recall that
V,(a) = {y € P" | there exists x € A" —(0,...,0) where 7(x) = y, f(z) = 0 for all f € a”"} (21)

where aj, is the set of all homogeneous elements of a. It follows that if z € V,(a) — (0,...,0), then 7(x) €
Vy(a). Similarly, if z € 771(V,(a)), then all homogeneous element of a vanish at some z € 7 1(w(x)),
thus x itself, and since a is generated by homogeneous elements, it follows that all f € a vanish at x, so
x € Vo(a) —(0,...,0). We have therefore shown that

Va(a) = (0,...,0) = 771 (Vy(a)) (22)

It follows that if f is homogeneous and vanishes on V,,(a), it vanishes on any homogeneous coordinates for
any point in V,(a), thus any point in 771 (V,(a)) = V,(a) — (0,...,0). If deg(f) > 0, then f in fact vanishes
on V,(a), and f € I,(V,(a)) = Rad(a). We have thus shown that I,(V,(a)) N Ss¢ C Rad(a). Note that any
element of Sy = k clearly cannot be in I,(V,(a)) if V,(a) # 0, so in this case, I,(V,(a)) C Rad(a).

Solution II.14 (Problem 1.2.2). Of course, if V,(a) = 0, then S D Rad(a) D I,,(V,(a))NSso = I,(0) NS5 =
S<o. It follows that if Rad(a) does not contain some ¢ # 0 in Sy = k, then it is Sso, and if it does, it is
all of S. If Rad(a) is either S or Ssq, then in either case, it contains each of the elements xzg,...,2,. It
follows that for each j from 0 to m, there is some d; where x?-’ € a. Then if D = dy---d,, each x]D is in
a. Let M = (n+ 1)D, and note that any generator z(° - --z%" will have some a; > D, so the generator

n

is in a. Therefore, Sy C a. If Sy C a for some M, then V,(a) C V,(Sn). If [xo,...,2n] € V,(Sn), then
o} = ... =2M =0, which is not the case for any point of projective space, so Vp(Sm) =0 and Vy(a) =0 as

well.

Solution I1.15 (Problem 1.2.3). We go point-by-point:
1. This is a trivial application of the definitions.
2. Again, trivial.

3. Clearly, if f is a homogeneous polynomial which vanishes on Y1UY5, it vanishes on Y7 and Y5 individually.
The converse is also true, this proves the claim.

4. From Problem 1.2.1, we already know that if V,(a) # (), then I,,(V,(a)) C Rad(a). To show the reverse
inclusion, let us first show that I,(X): the ideal generated by all homogeneous polynomials vanishing
on X C P7, is radical. Suppose f™ € I, (X), where f = fo + fi + --- + fq is the decomposition
into homogeneous components. Since I,(X) is a homogeneous ideal, f}* € I,(X), so fqa € I(X),
as it vanishes on X. It follows that (f — fq)™ € I,(X) (use the binomial expansion) and f — f; =
fo—+ -+ fa—1. Continue this process inductively to see that f; € I,,(X) for each j, so f € I,(X) as
well.



Clearly, if f € a, with f = fo + -+ fa, then each homogeneous component f; is also in a (as it is a
homogeneous ideal). Thus, obviously f; is homogeneous and vanishes on V,(a), so f; € I,(V,(a)), so
f € I,(Vp(a)) as well. Then, since I,(V,(a)) is radical, Rad(a) C I,(V,(a)), and we have the desired
equality.

5. Clearly V,(I,(Y)) is a closed set. Any homogeneous polynomial in I,(Y) will vanish on Y, so Y C
V,(I,(Y)), thus implying that Y C V,(I,(Y)). To show that this inclusion is an equality, suppose
Y C V,(T), where T is some collection of homogeneous polynomials. Any f € T vanishes on Y, so
f € I,(Y)", the set of homogeneous elements in I,(Y). Thus, T C I,(Y)", and

VoLp(Y)) = Vp(Ip(Y)h) C Vp(T) (23)
It follows that Y = V,,(1,(Y)), as desired.

Solution I1.16 (Problem 1.2.4). Another multi-part question, another test of my will:

1. Note that if V,(a) is an algebraic/closed subset of P™, in the case that V,(a) = 0, then I,(V,(a)) = S
and V,(S) = 0. If V,(a) # 0, then I,(V,(a)) = Rad(a) is a radical homogeneous ideal. It is not equal
to Sy, as if this were the case, then by Problem 1.2.2, V,(a) = (). We also have

Vo (L (Vo(a))) = Vy(a) = Vi (a) (24)

Now, assume that a is a radical homogeneous ideal not equal to Sy, then if a = S, V,(a) = 0
I,(Vy(a)) = I,(0) = S. Otheriwse, V,(a) is a non-empty closed subset of P", and I,(V,(a)) = Rad
a, as desired.

and

(a) =

2. If Y C P is irreducible, then given fg € I,(Y), let us decompose into homogeneous components
f=fo+t -+ frand g =go+ -+ gg Then f.g; € I,(Y), so Y C V,(frgq) = Vp(fr) U Vp(gy)-
We then have Y = (Y N V,(f)) U (Y N V,y(gq)), so either Y C V,(f.) or Y C V,(gq), so either
fr € L(Y) or g4 € I,(Y). Then, either (f — f,)g € I,(Y) or f(g—gq) € I,(Y). We repeat this same
argument inductively by looking at the top-degree homogeneous component of the new polynomial,
until we eventually conclude that either fy,...,f, € I,(Y) or go,...,9q € Ip(Y). Thus, f € I,(Y)
or g € I,(Y), and I,(Y) is therefore prime. On the other hand, suppose Y = V,(T1) U V,,(T2) where
both closed sets are proper. Since there is some x € V,(T7) which is not in V,,(T3), there must exist
some f € T, which does not vanish at x, and is thus not in I,(V,(T1)). We can choose a similar
g € T1. Note that fg is homogeneous and vanishes on Y, so is in I,(Y). However, neither f nor g is in
I,(Y) = I,(V,(Th)) N I,(V,(T2)), so I,(Y) is not prime.

3. Note that V,,(0) = P", where (0) is prime homogeneous, so I,(V,(0)) = Rad(0) = (0) is prime, so from
above, P" is irreducible.

Solution I1.17 (Problem 1.2.5). Multiple parts. In both cases, the proofs are similar to their corresponding
proofs in affine space:

1. Given a descending sequence of closed sets V,(a1) D V,(az) D ---, we have an increasing sequence
of homogeneous ideals a; C az C --- in k[zg,...,2,], a Noetherian ring, so this sequence eventually
terminates, and thus the sequence of closed sets must as well.

2. Consider the family F of all closed sets which cannot be written as a finite union of irreducible closed
sets. Since P is Noetherian, this family has a minimal element V. V cannot be irreducible itself, so
V = V3 UVs, where Vi and V5 are proper closed subsets. It can’t be the case that we can write both V3
and V5 as a finite union of irreducible closed subsets, as then we could write V' in this form, so either
Vi € F or Vo € F, which contradicts minimality.

Suppose V=ViU---UV, and V =Wy U---UW,,, where the V}, and W}, are irreducible closed, and
no closed set contains another in each of the decompositions (obviously, such a decomposition exists).



Note that Wy, = U;(Wj, NV;), and since Wy, is irreducible, and each Wy N'Vj is closed, we must have
Wi NV; = Wy, for some j, so Wi, C V;. Thus, each W}, in the decomposition of contained in one of the
V;. We can use the same argument to show that each Vj is contained in one of the Wj,. In other words,
given Wy, we have V; and W, such that W;, C V; C W,, and the no-subsets condition implies that
Wy, = V; = W,. This means that each of the W, is one of the V;, so Wi U---UWp, =V, U--- UV, ,
with W; = Vi, with each of the V, distinct. The fact that each V; is contained in one of the W; = Vi,
then implies that these decompositions are actually equal.

Solution I1.18 (Problem 1.2.6). This solution is quite involved, and will require a few preliminary results:

1. The localization of an integral domain is an integral domain. This one is actually easy: i ’;—i‘;—; =01in
S~!R, then sayas = 0 in R for some s € S with s # 0, so either a; = 0 or ay = 0.

2. The prime ideals of S™'R are in bijective correspondence with the prime ideals of R which do not
intersect S. We won’t prove this right now, maybe later in an appendix or something.

3. If R is an integral domain, then the fraction field of R[t,¢~1] is isomorphic to Frac(R)(t). We also won’t
prove this right now.

4. Transcendence degree is additive, in the sense that if we have field extensions L/K/k, then
trdegy, (L) = trdeg (L) + trdeg,, (K) (25)

which implies that since A(Y;)[t,t~!] is a finitely-generated k-algebra,

dim A(Y;)[t,t '] = trdeg,, Frac(A(Y;)[t,t 1)) (26)
= trdegy, Frac(A(Y;))() (27)
=1+ trdeg Frac(A(Y;)) = 1 + dim(Y;) (28)

We won’t prove this general, standard result about transcendence degree for now (maybe later).

5. Localization commutes with quotients, in the sense that if J is a prime ideal, (S/J)"Y(R/J) =~
S71R/S71J. T will prove this one. First of all, note that if J is an ideal, then S™1J is an ideal
in ST'R. We can define ¢((s+J) " (r+J)) = s~ 'r+S71J. To see that this is well defined, note that
if (s1 4+ J)7L(r1 +J) = (sa + J)"L(ra + J), then s(sire — sary) € J for some s ¢ J, which means that
s11r9 — Sor1 € J, so that sflrl — S;lT‘Q € S~1J. Tt is easy to check that this is a ring homomorphism.
Surjectivity is obvious, and to see injectivity, note that if s~'r € S~1J, then s~ 'r = t~lq for t € S
and ¢ € J, so there is some s’ € S such that s'tr = s'sq, so (s't)r € J. Thus, by definition of the
localization, (s + J)~'(r + J) = 0, as we have identified an element of S/J by which we can multiply
r+.J to get 0, namely st + .J.

This result will allow us to conclude that S(Y),,+1,v) = k20, -, Tnle; /Ip(Y)s,, as [,(Y) is a prime
ideal. Suppose M € I,(Y) for some M, then x; € I,(Y), so Y C V(x;). Thus, if Y is not a subset
of V(z;), then I,(Y),, is a prime ideal. Moreover, if p C I,(Y) is a prime ideal, then p is obviously
disjoint from all powers of x; in this case as well. It follows that there is a bijective correspondence
between the prime ideals of S(Y") contained in I,(Y") and the prime ideals contained in I,(Y'),,. Thus,

height(1,(Y"),,) = height(I,(Y)) (29)
so it follows that
dim S(Y),, 41, (v) = dimklzo, ..., @i, 2; ', ..., 2n] — height(I,(Y)) (30)
= dim k[zo, . .., zy] — height(L,(Y")) (31)
=dim S(Y) (32)
where we are using the pretty-easy-to-verify fact that k[zo, ..., zs]s, =~ k[zo, ..., zi, x;l, .+, Zp], which

is a finitely-generated k algebra and has the same fraction field as k[zo, . . ., 2], thus the same dimension.



Now, let us jump into the main body of the solution. Following the advice of the hint, let ¢; : U; — A™ be
the homeomorphism from U; C P™ to affine space given by sending [z, . .., Z,] to (xo /x4, - . ., a;/\xi, ce T/ T).
Suppose we choose i so that Y NU; # 0. Consider the set ¢;(Y NU;), where Y is closed and irreducible, so
Y NU; is closed in U;. Tt is also irreducible, as if (C1NY NU;) U (CoNY NU;) =Y NU;, where Cy and Cy
are closed in P", then

Y=Y NU)uY NnUE)=(C,NY)U(ConY)U (Y NUF) (33)

Thus, either Y C Cy or Y C Coor Y C U = V(z;), 50 YNU; = C1NY NU;, CoNY NU;, or (). We assumed
Y NU; is non-empty, so we're done. It follows that ¢;(Y NU;) is closed and irreducible in A™, thus an affine
variety.

To be more specific, Y = V,,(a) for some homogeneous prime ideal a. Then

oY NU;) = {(ZO%) ‘ 2 0, f(xo,...,2n) =0forall fe a} (34)
i €Ty
={(W1.--- yn) | fi(y1,-..,yn) =0 for all f € a} (35)
= {1, yn) [ 9(y1,...,yn) =0 for all g € a,} (36)
where f, is the polynomial in k[y, ..., y,] where we have substituted z; for 1, and a, is the set of all f, for

f € a. Tt is easy to see that a, is an ideal, so the final line is irreducible algebraic set V, (a.).

From here, let Y; = ¢,(Y NU;) = V,(a,), and let A(Y;) denote the coordinate ring. We construct a map
¢ A(Y:) = S(Y)a,41,(v) as follows. Given some f + I(Y;) in A(Y;), we write f = fo + -+ + fq in terms of
its homogeneous components. We then define

d
¢(f(y177yn +I Z 'r1+I (fk(x07"~7xi—1axi+1a"'7x’ﬂ)+IP(Y)) (37)
k=0

To prove that this map is well-defined, suppose g € I(Y;) = a,, so there exists some F € a where F, = g.
Note that if G' is homogeneous, then z¢(G,)* = G for some d, where the upper-star is homogenization in the
i-th variable. Moreover,

deg(A+B) deg(A) deg(B)

(A + B)* _ Z x?eg(A+B)fk(Ak + Bk) _ Z x;ieg(AJrB A + Z deg A+B)— k B, (38)
k=0 k=0 k=0

_ x?eg(AJrB)fdeg(A)A* + x(iieg(AJrB)fdeg(B)B* (39)

which immediately means that
d * d
== (0. - et ()
k=0 k=0

It follows that is we multiply both sides by some z for large enough D, we will have

D x
i

xy g = xiD’“Fk (41)

M=

E
I

0

for some numbers Dj. Note that since a is homogeneoub each Fy is in a (as F' € a), so the above sum is
also in a, which means P¢* € a = I,,(Y). If we had zP € a, then Y = V,(a) C V,(x;), which we already
assumed is not the case, so since a is prime, ¢g* € a. Note that

d

9" (xo, ..., xn) = Zx?ikgk(mo, ey Tim1 Ty e ey L) (42)
k=0
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which means that

d
0+ L,(Y)=g"+L,(Y) =) (« Y))(gk + L, (Y)) (43)
k=0
d
(@ + L)Y (@i + L,(Y) ™ (gr + L,(Y)) (44)
k=0

in S(Y)a,+1,(v)- From here, we know that x; ¢ a, so since S(Y’) is an integral domain and the localization

of an integral domain is an integral domain, it follows that 3¢ _ (z; + I,(Y)) ™ (gx + I,(Y)) = 0, as desired,
and the map is well-defined. We can also verify that it is a homomorphism easily. Of course, the imgage
of this homomorphism is in the collection of degree-0 element of S(Y),,41,(v), and it is equally easy to see
that this image is precisely the set of these degree-0 elements (as it is easy to find a preimage). To verify
injectivity, note that if

d d
S @i+ L) R (fe+ L)) = (2 + L(Y) ™) (@ F e+ L(Y)) =0 (45)
k=0 k=0

then we must have f* = ZZ:O x37F . € I,(Y) = a. This means that (f*). € a., so f = z(f*) is also in
a = I(Y;). Thus, we have shown that ¢ is an injective homomorphism whose image is the set of all degree-0
elements of the localized ring S(Y'),,41,(v), and we have the desired identification.

The next part of this problem asks us to show that the map we constructed above in fact extends to an
isomorphism S(Y )y, 1 1,(v) ~ A(Y;)[t,t7']. To this end, we define

O((f +1(Y0)t*) = o(f + 1(Vi)) (27 + 1, (Y)) (46)

and extend linearly. It isn’t difficult (but the notation sucks) to show that @ is a ring homomorphism. It is
also obvious that ® is surjective (as, again, it is easy to find a preimage). To verify injectivity, suppose

d d
P (Z(f“) + I(m))) =3 O(f + 1Y) (2} + L,(Y)) =0 (47)

s=0 s=0

Then, since each coefficient is degree-0, it follows that we must have ¢(f(*) + I(Y;)) = 0 for each s, so since
¢ is injective, f(*) + I(Y;) = 0 for each s, so we have injectivity, and therefore, ® is a ring isomorphism.

Now, since Y NU; # 0, so Y is not a subset of V(x;), we have, using Point 4 and 5 from our list at the
beginning of the solution, and the above isomorphism,

dim S(Y) = dim S(Y),41,(v) = dim A(Y;)[t, ¢ 7] = dim(Y;) + 1 (48)

Since ¢; is a homeomorphism, it follows that dim(Y;) = dim(Y N U;). Clearly, all of the sets Y N U; are an
open cover for Y, so using Problem 1.1.10, we get dim(Y) = max; dim(Y N U;). It follows immediately that
dim S(Y) = dim(Y") + 1. Moreover, since the dim S(Y) = dim(Y;) + 1 for all ¢ such that Y NU; # 0, it follows
that in this case, we always have dim(Y;) = dim(Y").

Solution I1.19 (Problem 1.2.7). Point-by-point:

1. We have already seen that P™ is a projective variety, V,(0), so S(P") = k[xo, ..., z,]. Thus, from the
previous problem,

dim(P") = dimk[zg,...,z,] —1=(n+1)—1=n (49)
as desired.

Solution I1.20 (Problem 1.2.8).



11
C. Section 1.3
ITI. Chapter 2
A. Section 2.1

Something that should be noted about Section 2.1 is that it isn’t particularly conceptually deep, its main
challenge is in getting acclimatized to some subtle definitions. If one is comfortable with all of the definitions,
there should be no issue solving all of the problems.

Solution III.1 (Problem 2.1.1). Let F be a presheaf, recall that its sheafification 7 is obtained by setting
F*(U) to be all functions s : U — Upey F), such that s(p) € F,, and for each p € U, there is a neighbourhood
Vof pand t € F(V) such that s(q) = ¢, for each ¢ € V' (where ¢, is the germ of ¢ at ¢). The arrows are simply
restriction of functions. The morphism 6(U) : F(U) — FT(U) of Abelian groups is given by 8(U)(s)(p) = sp.

If F is the constant presheaf associated to A on X, note that F(U) = A, so all of the stalks of F is
isomorphic to A, and the Abelian group FT(U) is isomorphic to the group of functions s : U — A such that
for each p € U, there is a neighbourhood V of p and ¢ € A such that s(q) =t for each ¢ € V. In other words,
s: U — A is a locally constant function, which is the case if and only if it is continuous when A is given the
discrete topology. Hence, F1(U) is isomorphic to G(U), where G is the constant sheaf associated to A on X.
We have such an isomorphism for all U, and the isomorphisms are compatible with the restriction maps, so
we have an isomorphism of sheaves One can imagine working out the details of the isomorphism described
in more detail, but I personally can’t be bothered as it is clear what’s going on.

Solution III.2 (Problem 2.1.2). There are three parts to this question:

1. Once again, recall that the kernel presheaf of a presheaf morphism ¢ : F — G is given by U —
Ker(e(U)) € F(U). Of course, it follows that every section of Ker(p(U)) is a section of F(U), so it
follows that if ¢ is a morphism of sheaves, and s € Ker(¢(U)) restricts to 0 on a cover of U, then s = 0.
Moreover, given a collection of sections s; € Ker(o(V;)) for a cover {V;} for U which agree on overlaps,
we can construct s € F(U) which restricts to each of these sections, so s|y; = s;. Then, we note that

e(U)(s)lv; = ¢(Vi)(slv,) = (Vi) (si) = 0 (50)

for each V;, so since G is a sheaf, it follows that ¢(U)(s) = 0, which means that s € Ker(¢(U)). Thus,
in this case, the kernel presheaf is a sheaf.

From here, we need to show that (Ker(y)), = Ker(y,) at each p € X. Recall that the map ¢, : F, = G,
of stalks is defined as ¢, (U, s) = (U, ¢(U)(s)), so the kernel of ¢, will consist precisely of germs (U, s)
around p such that o(U)(s) = 0 (i.e. s € Ker(¢(U))). On the other hand, the stalk at p of Ker(y)
consists of germs (U, s) around p where s € Ker(¢)(U) = Ker(¢(U)), so the two are obviously equal.

Similarly, Im(¢p,) is all germs (U, ¢(U)(s)) around p in G,. On the other hand, Im(y) is the sheafification
of the presheaf U — Im(p(U)), which we denote Im(p)P*™. We know that stalks of the sheaf and
the sheafification can be identified with each other. In particular, a germ of Im(y), is (U, s), where
s : U = Uyer Im(p)h™ is a function such that if U is chosen to be small enough, then s(q) = t, for
some section ¢ € Im(p(U)) C G(U). It follows that we can define an isomorphism Im(¢p), — Im(@ph*

which takes (s,U) — (¢,U).

So, Im(¢p),, is isomorphic collection of germs (U, s) around p where s € Im(p(U)), which is what we
want.

2. If ¢ is injective, then by definition the sheaf Ker(y) is trivial, so Ker(y), = Ker(p,) is trivial for all
p, so every homomorphism of stalks ¢, is injective. On the other hand, if each ¢, is trivial, then each
stalk Ker(yp), is trivial. It follows that if s € Ker(¢(U)) is a section, then s|y = 0 for some V C U
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around p. We can cover U by V around each p where s|yy = 0, so since s is a section of a sheaf, s =0
as well, and Ker(yp) is trivial.

Proving the similar result for surjectivity follows the same steps. In particular, we want to show that
Im(p) = G if and only if ¢, : F, = G, is surjective for all p. If we assume that the former holds, then
Im(¢p,) = Im(yp), = G, for all p (these equalities are actually natural isomorphisms, but once again, we
can permit ourselves to be a bit sloppy). On the other hand, if Im(¢,) and thus Im(p), is equal to G,
for all p, then we need to show that Im(p)(U) ~ G(U) for all U (or are at least naturally isomorphic).

B. Section 2.2

IV. Chapter 3
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